Abstract. This paper concerns the L 2 essential spectrum of the Laplacian ∆ and the drifted Laplacian ∆ f on complete Riemannian manifolds endowed with a weighted measure e −f d volg. We prove that the essential spectrum of the drifted Laplacian ∆ f is [0, ∞) provided the BakryEmery curvature tensor Ric f is nonnegative and f has sublinear growth. When Ric f ≥ 1 2 g and |∇f |
Introduction
The spectra of the Laplacian of complete non-compact manifolds has been studied and computed for a large class of manifolds in the past two decades. When the manifold has a soul whose exponential map is a diffeomorphism, supposing non-negative sectional curvature and some other additional conditions, Escobar [5] and Escobar-Freire [6] proved that the L 2 spectrum of the Laplacian is [0, ∞). The additional conditions assumed by them were proved to be unnecessary by Zhou [15] .
If the manifold has a pole, the essential spectrum of the Laplacian was proved to be [0, ∞) by Li [8] (supposing the Ricci curvature non-negative) and by Chen-Lu [3] (supposing the radial sectional curvature non-negative). The same result was proved by Donnelly [4] when the Ricci curvature is non-negative and the volume has Euclidean growth.
Without having to assume the existence of a pole, J. Wang [13] proved that the essential spectrum L p of the Laplacian is [0, ∞), for p ∈ [1, ∞), provided the Ricci curvature is bounded below by −δ/r 2 , where r is the distance from a fixed point on the manifold and δ > 0 depends only on the dimension. This result was generalized by Lu and Zhou [9] , assuming only that lim r→∞ Ric = 0. Both works proved initially that the L 1 essential spectrum is [0, ∞) and extended this fact to L p , p ∈ [1, ∞], by using a result proved by Sturm [12] which asserted the p-independence of the spectrum when the volume has uniform sub-exponential growth and the Ricci curvature is bounded below. Circumventing the use of Sturm's Theorem [12] by a generalization of Classical Weyl's Criterion, Charalambous and Lu [1] extended the results previously obtained in L 2 to the case where Ric is asymptotically nonnegative and lim r→∞ ∆r ≤ 0.
In many occasions, it is natural to consider a manifold M endowed with a weighted measure of the form e −f d vol g , where f is a smooth function. We have the drifted Laplacian ∆ f , defined by ∆ f u = ∆u − ∇f, ∇u , associated with the differential of the volume form of e −f d vol g the same way ∆ is associated to d vol g . Moreover, ∆ f is a self-adjoint operator on the space L 2 f of square integrable functions on M with respect to the measure e −f d vol g . A natural extension of the Ricci curvature tensor to this new context is the Bakry-Émery Ricci curvature tensor, given by Ric f = Ric + Hess f.
Manifolds with the Bakry-Émery Ricci curvature bounded below have been studied by many authors in recent years, with the special objective of obtaining similar results to the case where the Ricci curvature is bounded below. Many results have been obtained, particulary some interesting volume estimates and splitting theorems, which can be found in [14] and [11] . In this paper, we apply some of these results to the analysis of the drifted Laplacian ∆ f . A natural context for the Bakry-Émery Ricci curvature tensor is the study of gradient Ricci solitons, manifolds where Ric f = λg, for some constant λ and function f .
Our main goal in this paper is to determine the L 2 and L 2 f essential spectrums of −∆ and −∆ f respectively, supposing some lower bounds for Ric f and imposing conditions on f .
We state now our first result. Fixing p ∈ M and denoting r(x) = d(p, x), we have:
Remark 1. In order to prove this Theorem, we could suppose only Ric f (∇r, ∇r), provided we assume, in the case vol f (M ) < ∞, that vol f (B p (r)) does not decay exponentially at p. We are denoting by vol f the volume calculated using the density e −f d vol g . Remark 2. We remark that the hypotheses lim r→∞ |f | r = 0 of Theorem 1 is somehow sharp. For a > 0, it is known an example of M and f such that Ric f ≥ 0, lim r→∞ |f | r = a and the L 2 f (M ) essential spectrum of −∆ f is not [0, ∞). Consider a gradient steady Ricci soliton, i.e. a manifold (M, g) satisfying Ric f = R ij + f ij = 0, and take a > 0 such that |∇f | 2 +S = a 2 , where S is the scalar curvature of M . It is well known that f has linear growth and, by [10] , the L 2 spectrum of −∆ f is contained in [ One may naturally ask what happens to essential spectrum of −∆ f when the condition Ric f ≥ 0 is strengthened to Ric f ≥ 1 2 g. According to [7] , it is empty since the spectrum of −∆ f is discrete. However, we can make te same question about −∆. In the case Ric f = 1 2 g, Lu and Zhou [9] proved that the essential spectrum of −∆ is [0, ∞), supposing uniform sub-exponencial volume growth or lim R/r 2 = 0. Later, Charalambous and Lu [1] proved this result without such hypotheses. Notice that this is the case of a gradient shrinking Ricci soliton, because its equation
We have the following theorem:
This paper is organized as follows. In Section 2, we start with a brief review of the Weyl's Criterion for self-adjoint operators in a Hilbert space, and adapt this criterion for the particular use in L 2 and L 2 f . In Section 3, we present a technique for obtaining smooth approximations of distance functions, and use the hypotheses on Ric f and f in order to ensure some useful estimates on the decay of the approximate distances. In Section 4 we present a sequence of Lemmas and volume estimates Theorems which will lead to the proof of the first main Theorem, which will be done in Section 5. In Section 6, assuming the hypotheses in Theorem 4, we adapt the estimates obtained in Section 4 and prove Theorem 4. and personal development. The author also wants to thank Guofang Wei for her interest on this work and some remarks.
Notations and Weyl's Criteria
Let H be a self-adjoint operator in a Hilbert space H whose inner product is denoted by (·, ·) and its norm by · . We denote by σ(H) the spectrum of H and by σ ess (H) its essential spectrum. 
Moreover, λ belongs to σ ess (H) if, and only if, there exists a sequence {u i } i∈N ⊂ dom(H) satisfying (1), (2) 
Sometimes we write simply
. Notice that, endowed with the inner products (u, v) = M uvd vol g and (u, v) f = M uve −f d vol g , respectively, L 2 and L 2 f are Hilbert spaces in which −∆ and −∆ f are self-adjoint (unbounded) operators.
Defining
and denoting by C ∞ 0 (M ) the set of compactly supported functions M → R, we have the following result:
(2) for any compact K ⊂ M , there exists i 0 such that the support of u i is outside K for i > i 0 ; and
Proof: Without loss of generality, we assume that
the condition (3) of Theorem 6 is satisfied. We shall now verify condition (2) .
Since each D i := supp(u i ) is a compact set with smooth boundary and ∆ f is an elliptic self-adjoint operator, there exists
For each i, D i is a compact set, so we take
. Without loss of generality, we sup-
This proves that (−∆
Analogous to previous Corollary, we have
(2) For any compact K ⊂ M , there exists i 0 such that the support of u i is outside K for i > i 0 ; and
C ∞ approximations of r
In this section, we fix p ∈ M and f ∈ C ∞ (M ) and let r(x) = d(x, p). Given a decreasing continuous function δ : R + → R + , such that lim r→∞ δ(r) = 0, we are going to construct functions b andr in
the sense of distributions.
Remark 3. We would like to emphasize the fact that the functionsr and b depend on the given δ. In the proof of forthcoming lemmas and theorems, some conditions on the decay of δ will be imposed; we will consider δ satisfying all those conditions.
The construction of such an approximation is done in [9] and [1] for L 1 and ∆ instead of L 1 f and ∆ f . The adaptation is not difficult, but, for the sake of completeness, we present the construction here.
We shall now obtain a suitable partition of the unity. Taking x ∈ M , we consider a neighborhood U x such that
• there exist local coordinates x i defined in an open set containing U x such that x = (0, . . . , 0); and
for all y ∈ U x . Moreover, we reduce the U x in such way that U x ⊂ B x (1) for all x. We may extract a locally finite cover {U i } i∈N from {U x } x∈M , and let {ψ i } be the associated partition of the unity.
Let ξ(x) be a non-negative smooth function whose support is within the unit ball of R n and such that R n ξdx = 1.
Fixing i ∈ N and ε > 0, we denote
Thus, at each point x, we have
and, since
Let us now estimate the right side of above equation. By (2), we have, for x ∈ U i ,
and, by Lemma 1 below,
Therefore, for all x ∈ M ,
Since i ∇ψ, ∇r = ∇ ( i ψ i ) , ∇r = 0 almost everywhere, we have
almost everywhere. Thus, by (4),
Lemma 1. In the above construction, ε i may be chosen so that
Proof: Initially, notice that, by (3) and by the second condition assumed about the neighborhoods
On the other hand, we have
{∆ f r(y)}.
Define the lower level set B p (t) of the functionr by B p (t) := {x ∈ M,r(x) < t}.
We have the following relationship between the volumes of B p (t) and B p (t).
Lemma 2. Given a > 1, the function δ in the construction ofr may be taken so that,
for all t > 1.
Proof: We will proof first the case vol f (M ) = ∞. For any t > 1, take η t such that
By continuity, we suppose that the above inequalities
Now take x ∈ B p (t − 2δ(t)). If r(x) < t − 1 then, by the construction ofr, we haver(x) − r(x) < δ(r(x)) < 1 and sor(x) < 1 + r(x) < 1 + t − 1 = t. On the other hand, if t − 1 ≤ r(x) < t − 2δ(t) theñ r(x) − r(x) < δ(r(x)) < δ(t − 1) < 2δ(t) and sor(x) < r(x) + 2δ(x) < t.
We have just proved that
For the second case (vol f (M ) = ∞), if we take η t so that
the result follows as above.
Since it will be used later, we present an analogous construction for L 1 and ∆. Given δ :
iii. |r(x) − r(x)| ≤ δ(r(x)) and |∇r(x)| ≤ 2, ∀x ∈ M, r(x) > 2, and iv. ∆r(x) ≤ sup y∈Bx (1) {∆r(y)} + δ(r(x)) + |b(x)| , ∀x ∈ M, r(x) > 2 in the sense of distributions.
Using this new construction ofr, Lemma 2 remais valid if we replace vol f with vol.
4.
Estimates for ∆ f r and vol f (B p (r)) in the hypotheses of Theorem 1
Before we can prove Theorem 1, we need some results concerning the f -volume of B p (r). In this section, we obtain estimates for the growth of the function r → vol f (B p (r)), in the case vol f (M ) = ∞, and its decay, in the case vol f (M ) < ∞.
For the sake of simplicity, in the proofs of this section, we define the notation V f (r) := vol f (B p (r)). Proof: Observe that
Let γ(t) be a minimizing normal geodesic starting from p. By the Bochner Formula, we have, along γ,
where the derivatives are calculated with respect to t. Hence (6) (∆r) ′ = −|Hess r| 2 − Ric(∇r, ∇r) ≤ − (∆r) 2 n − 1 − Ric(∇r, ∇r).
Combining (5) and (6), we have
Since r 2 ∆ f r vanishes for r = 0, we have
Taking r 0 such that |f |< εr for all r > r 0 , we get
where C r 0 = sup Bp(r 0 ) |f |. Therefore, ∆ f r < (n − 1) r + 3ε + r 0 C r 0 r 2 . Since the above expression is independent on the geodesic we consider, we can take r 1 > 0 such that ∆ f r < 4ε for x ∈ M \ B p (r 1 ). Therefore, lim r→∞ ∆ f r ≤ 0.
Lemma 4.
In the hypotheses of Theorem 1 and supposing vol f (M ) = ∞, for all ε > 0 and t 0 large enough, there exists R = R(ε, t 0 ) such that, for t > R,
)).
Proof: By the construction we have done in section 3,
{∆ f r(y)} + δ(r(x)) + b(x), so,
{∆ f r(y)} + δ(r(x)) + |b(x)| − ∆ fr , in the sense of distributions. Given ε > 0, by Lemma 3 we take r 0 > 0 such that, for r(x) ≥ r 0 , sup y∈Bx(1) {∆ f r(y)} + δ(r(x)) < ε. Thus, for r > r 0 ,
Since −α ≤ |α − 1|, ∀α ∈ R, we get
Bp(r)\Bp(r 0 )
and vol f (M ) = ∞, fixing r 0 such that
Taking r large enough, we have
therefore, for some r ′ ∈ [r, r + 1], we have
Hence,
We have used (8) in the last second line.
The following result estimates the growth of vol f (B p (r)). Proof: Denoting A f (r) = vol f (∂B p (r)), by Lemma 3,
where h(r) := sup ∂Bp(r) ∆ f r. Thus,
and therefore, A f (r) ≤ C 1 e r 0 h(t) dt . Given C > 0, if r 0 > 0 is such that h(r) < C/2 for r ≥ r 0 , we have
for all r > r 0 . Therefore,
Lemma 5. Let f (not necessarily as in the hypotheses of Theorem 1) be such that
for all C ∈ R. Then, for R > 0, there exists a sequence r k → ∞ of real numbers such that vol f (B p (r k + R + 1)) ≤ 2 vol f (B p (r k )).
Proof: Given R > 0, set r k = (k − 1)(R + 1), k ∈ N. If there exists infinitely many indices k satisfying V f (r k + R + 1) ≤ 2V f (r k ), by passing to a subsequence of r k , we will have the desired sequence. If this is not the case, we have
for k larger than some k 0 . Therefore,
e Ck(R+1) > 1, which contradicts the hypotheses.
The last two Lemmas lead us to the following.
Lemma 6. In the hypotheses of Theorem 1, for R > 0, there exists a sequence r k → ∞ of real numbers such that vol f (B p (r k +R+1)) ≤ 2 vol f (B p (r k )).
In the hypothesis of Theorem 1 we cannot prove that the f -volume of M is infinite. Supposing now vol f (M ) < ∞, we will get an interesting estimate on the decay of the f -volume.
If vol f (M ) < ∞, we say that the f -volume of M decays exponentially at p if exists C > 0 such that
for all r large enough. Suppose in contradiction the existence of C > 0 such that
Take R > 0 such that
, and let q ∈ M be such that d(q, p) = R + S, for arbitrary S > 0. Denote by
the f -volume form in geodesic polar coordinates (t, ξ) from q. We have
Let p R be a point in the minimizing geodesic from p to q, and such that d(p R , p) = R. Taking a, −1 < a < 1, let x be an arbitrary point of ∂B q (S + a) ∩ B p R (1) and γ be the minimizing geodesic such that γ(0) = q, γ(S + a) = x. Notice that, since γ is a minimizing geodesic, if we define y := γ(2 + a), each x will determine, in an injective way, y ∈ B q (2 + a). Moreover, we have y = exp q (a y ξ y ), where a y = a and ξ y = γ ′ (0).
For the sake of simplicity, we denote T = S + a and f (t) = f (γ(t)). Since
we have (12) |f (γ(t))|< εr(γ(t)) ≤ ε((R + 1 + T ) − t).
Since Ric +∇∇f = Ric f ≥ 0, we have
Multiplying by t 2 and integrating from 0 to s ≤ T , we get
which is equivalent to
Therefore,
Using (11) and integrating again from b := 2 + a to T ,
Now we estimate the last term in (13) . Integrating by parts and using (12) ,
Putting this into (13), we get
Reminding that S − 1 ≤ T ≤ S + 1 and −1 ≤ a ≤ 1, there exists c 1 and c 2 constants and independent from a, ξ, S, q such that
Now, let U ⊂ (B q (3)) and V ⊂ T q M be, respectively, the set of all y and (a y , ξ y ) constructed as above. Notice that each x ∈ B q (1) determines an unique y in U and (a y , ξ y ) in V . Therefore
Since M is complete, we take K = min p R vol f (B p R (1)) and so
which is an absurd for large S.
Lemma 7. Suppose vol f (M ) < ∞. Given ε > 0, the construction ofr in Section 3 can be made so that, for R > 0 large enough, we have
for t > R.
Proof: As remarked in the beginning of Section 3, given ε we choose δ so that Hence, taking r i → ∞ in inequality (7) of the proof of Lemma 4, we have,
Thereby, as |∇r|< 2, we have
Lemma 8. Let M and f be as in the hypotheses of Theorem 1 and suppose vol f (M ) < ∞. Given ε > 0, C > 0, there exist R > 0 large and a sequence of real numbers r k → ∞ such that
Proof: If there were not such R and sequence r k , for all R > 0 and r greater then some r 0 we would have
and so
which, after dividing by e −εr/C , leads to
Taking R large, we have −e −εR/C + 2 > L > 1 and thus
and, iterating,
The above inequality shows that the f -volume of M decays exponentially, contradicting the Theorem 3.
Proof of Theorem 1
Now we have studied all the necessary tools, we can proceed with the proof of the Theorem 1.
According to Corollary 1, in order to prove that σ ess (∆ f ) = [0, ∞) in L 2 , we need only to construct, for all λ > 0, a sequence
(2) u i → 0 weakly; and
The construction of such a sequence will be done as in [9] . Given p ∈ M , letr be the C ∞ approximation for r we have constructed in section 3. Let x, y, R, be such that 0 < R < x < y and whose values will be chosen posteriorly. Let ψ : R → R be a cut-off function satisfying
so that |ψ| and |ψ ′ | are bounded.
Given λ > 0, we define
Hence, |φ| ≤ 1 and
So we have
and therefore, On the other hand, fixing x and R with x − R large enough, we have C R ( V f (y + R) − V f (x − R)) < ε( V f (y + R) − V f (x − R)) < ε V f (y + R + 1) < 2εV f (y + R + 1) (18) (in the last inequality above we have used Lemma 2) and ( 
19)
Cδ(x − R) < εV f (y + R + 1).
By using (17), (18) and (19) in (16), we get ∆ f φ + λφ L 1 f (M ) < 4εV f (y + R + 1).
Since φ ≡ 1 in B p (y) \ B p (x), we have φ 
Thus, since φ L ∞ f (M ) = 1, we have constructed a compactly supported function φ such that
for an arbitrarily small ε > 0.
In order to obtain the desired sequence u n , we consider, in the above construction, ε = 1/n and u n = φ, with x greater than the o value of y + R of the construction of u n−1 .
We will now prove the case where vol f (M ) < ∞. In the construction ofr in Proposition 3, we take δ such that By using this in (16), we have
(in the third inequality above we have used Lemma 2). Since M has finite f -volume, and by (20), we may choose R and x so that 2 R ≤ ε, and δ(x − R) ≤ ε(vol f (M ) − V f (x − R)).
Thus
∆ f φ + λφ L 1 f (M ) ≤ 3Cε(vol f (M ) − V f (x − R)) + 2C vol f (∂B p (x − R)). By Lemma 8, taking x even larger,
). Using again the finite f -volume of M , making y large enough, we get
and, by (21), we have
f (M ) . The proof follows now the case of infinite f -volume.
